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Nonlinear finite ●lement computer codes with slideline
algorithm implementations are useful for the analytis of
prestressed pressure vessels and piping. This paper presen’.s
closed form solutions including the effects of linear strain
hardening useful for verifying slideline implementations for this
application. The solutions describe ~tresses and displacements
of an internally pressurized inner sphere initially separated
from an outer sphere by a uniform gap. Linear strain hardening
material behavior following yield for the inner sphere and elas-
tic material behavior for the outer sphere are assumed.
Comparison of closed form and finite element results evaluates
the usefulness of the closed form solutions and the validity of
the slideline implementation used.
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Subscripts Denote Quantities Associated With:

1 initial yielding

2 complete yielding

3 gap closure

4 peak pressurization

5 separation

6 canplete pressure release

7 operating conditions
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INTRODUCTION

The development and implementation in nonlinear finite
●lement method (FEM) computer codes of alideline algorithms (1)
ahoulc facilitate the inclusion of the ●ffect6 of initial inter-
layer gaps in the analysis of preatreaaed multilayer pressure
vessels and piping (2). Verification of the abillty of FEM codes
to carry out ti~is analyais has been limited, however, by a scar-
city of appropriate closed form solutions to which code results
could be compared. Needed are closed form solutions for stresses
and displacements for problems that include initiation and ter-
mination of interlayer contact and plastic material behavior fol-
lowed by elastic unloading and subsequent reloading.

Closed form solutions previously presented for alideline
verification (3,4) assumed ●lastic-perfectly plastic material be-
havior. This paper presents closed form solutions that include
linear strain hardening material behavior. The solutions make
possible the verification of code ability to include strain hard-
ening in prestressed multilayer pressure vessel analysis.

The problem treated consisto of two concentric thick
walled spheres subjected to internal pressure. The two eph res
are initially separated by a uniform gap large ●nough to allow
complete yielding of the inner sphere before it contacts the out-
er one. Linear strain hardening behavior for the inner sphere
and elastic behavior for the outer sphere are assumed. A
pressure-time history consisting of initial pressurization, pres-
sure release, and repressurization to operating pressure is
considered.

Closed form results for a particular choice of geometry
and pressure levels are compared to FEM results obtained using
ADINA(5) and a recently implemented sl.ideline algorithm (6). The
comparison leads to an ●valuation of the value of the closed form
solutions for slideline validation and of the validity of the
particular slideline implementation used.



CLOSED FORM FORMULAT 10N

Equations for the stresses and displacements in an elas-
tic sphe=e subjected to Internal and external pressures are
readily available (7). Standard plastici-:y texts (8) describe
the stresses and d~splacements in linear &train hardening
spheres. These results can be extended and combined to develop
solutions for the twc spheres with inner and outer radii ~ ,b
and c ,cj , shown in Fig. 1.

The pressure-displacement diagr~ shorn- in Fig. 2 re-
lates the displacement of the c~ter surface of the inner sphere
to internal pressure during initial pressurization to peak pres-
sure, p4 pressure release, and repressurization to operat-
ing pressure, ‘ % “ As sh~n’ separation may or may not occur
during pressure release, dependina on the peak pressure chosen.

The slope of the preyield portion of the diagrai,lis
determined by the elastic stiffness, KL , of the inner sphere

“= 2*
where & ..sthe thickness ratio

/i3~ = D, %

and ~~ and AL are Young’s modulus
inner sphere.

u)

(2)

and Poisson’s ratio for the

The pressure at whjch yielding begins, FL , and the cor-
responding displacemertt, (AL, are

(4)

where ~Y is the yield stress for the inner sphere.

Yielding completely through the wall of the inner sphere
occurs at pressure, pz , and produces displacement, 1+

(6)



where W, :a the .traln hardening parameter, defined as the ratao
of the plastlc tangent modulue, Et , to Young’s modulus

The fully yxelded strain hardening inner sphere con-
tinues to ●xpand kmlth lncreaalng precsure until contact with the
outer sphere occurs at 3. The slope of the diagram between 2 and
3 1s det.ermlned by the plastic .tlffneaa~ Klp, of the inner
sphere

Contact occurs when the displacement is equal to the initial gap

U3= c-b (q)
The corresponding pressure, P3 , 1S given by

The slope of the remainder of the loadlng curve is the
combined stlffneaa, & , of the strain hardening Inner sphere and
elaatlc outer sphere

K, = KLF (K2p-K3)/K2p (ill.)
where K~! is a stiffness parameter relatlng displacement at the
outer sur ace of the strain hardening ~nner sphere to externaJ
pressure at that surface

and ~3 la a etlffness para~eter relating displacement at the in-
ner surface of the outer sphere to pressure at that surface.

The thickness ratio of the outer sphere is

(13)

U.4]
Maximum displacement, U+, occurs at peak pressure ~~ .

%= u3+(p4-@/K4 US)

The two s~herea unload elastically as an integral unit
when pressure rel.aae bc+gina. fieir combined stiffnesa,~~,
detnrminca the intial elope of the unloading curve



K2= K1 (K Z-V3). I<z (26)
where I(Z is the stiffness parameter relatlng displacement at the
outer suface of the elaotic inner sphere to pressure acting on
that surface.

(n)

Separation will occur if the outer sphere reaches lts
undeformed position. The interface pressure acting at the bound-
ary between the two apher[ e w1ll then be zero and the inner
sphere will move In alone with additional displacements related
to further reductions in internal pressure by the original stiff-
ness,~i . The separation pressure,ps ,

P59 ~ ‘K&- fi}/& (18)

is physically meaningful only if pos~tive. Negative Values indi-
cate complete pressure release without separation and are as-
sociated with peak pressures greater than p; , the maximum peak

pressur~ for which separation occurs.

l?:= K5~3/(K5-ti4) (U?)

A residual displacement, ~b, exists when the initial pressure 1s
fully released.

u~= U3 - d <~ p, kp;
@OQ)@

h= q- P4/~5 &Ap:

Repre9surizatlon to operating Pressure. p, , produces
elastlc behavior described by proceeding back up along the un-
loading curve.

Radial and hoop stresses, ~r and @e , at radius, F , in
the inner sphere at peak pressure are given by

q,=- p4-

L

z(i-m)~;l~

(L+ ~(1- 2#s.~j @

t2m(i -
‘t@’:r’:’-ti[(’”-pJ-&m(ay’n’’’a)-(# -1) (r/a}

%=-at ~
[

(1-m)q !1 + Zln(r/@)
i+m(l - z#J) .

(21)
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where the maxinnm interface pressure, ~ , is given by

Inner sphere stresses during pressure release are ob-
tained by superimposing on the peak stresses a system of elastic
atresaes, are and ~-c ,

(@

{25)

with constants CA and C2 evaluated using boundary conditions

The changes In internal pressure and interface pressure, ~~

complete pressure release

‘-%

and Ap= , from peak pressures, G4 and RI , will be ne”gative
during pressure release.

Residual stresses at

@

mre found using

Ap~ = -p,~

when separation occurs and

Ap* “ “ K~ @/Ks

when it does not.

(?.(9)

(27)
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P4 ~ P: Separation Occurs

P4 ~ P: Separation Does Not Occur

Contact is assumed affier repressurization to operating
pressure, ~ . The operat]ng stresses, ~ and G,e , are found
by adding the elastic stressses corresponding to

to the stresses associated with peak pressure.

FINITE ELEMENT METHOD CALCULATIONS

ADINA is a general purpose, nonlinear, finite element
method structural analysis code into which a alldeline algorlthm
that uses constraint ●quations based on the work of Taylor,
Hughes, et al. (9) has been introduced. Contact compatibility ia
imposed by Lagrange multiplier techniques, with the m~ltipliers
representing nodal contact forces.
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ADINA calculation were carried out for an arbitrarily
chosen set of dimensions and material properties.

The axisyrmnetric finite element model used in the cal-
culations is shown in Fig. 3. Symmetry considerations and the
specification of zero meridonal displacements along radial
boundriea permitted consideration of only a 900 segment. The
model has 902 node points and 800 four node elements. The con-
tacting surfaces are each defined by 41 node points.

Calculations were carried out in a stepwiae fashion be-
cause of the ADINA incremental solution scheme. A loading se-
quence of sixteen steps and an unlosding sequence of twenty-four
steps were used, with operating stresses determined during un-
loading. Much smaller steps were used in those portions of the
calculations during which contact was initiated or terminated
than were used elsewhere. No concerted effort waG made to mini-
mize the number of steps.

Equilibrium iteration was carried out at ●ach load step
and the stiffness matrix was reformulated as well. The Newton
Raphson method was used to solve the incremental equilibrium
equations . The ADINA material nonlinearity only analysia option
was chosen because of the small displacements and strains as-
sociated with the subject problem. Averaging of Gauss point
values to define element stresses was carried out as part of the
postprocessing procedure. The inner sphere was modeled with
ADINA material model eight, elastic- plastic with a von Hi#es
yield criterion and isotropic hardening.

NUMERICAL RESULTS AND CONCLUSIONS

Distribut one through the inner sphere wall of nori-
dimensionalized pe~k, residual, and operating otreaeea are
presented in Figs. 4 through 9. Excellent agreement iIIseen to
exist betweerl cloned form and FEM reeulta, even for residual
stress calculations, which pose a severe test for slideline al-
gorithms. Separation following pressure release is indicated by
zero residual radial etreaa at the contact surface. ‘f’hi@is an
expected since the peak pressure, .e~~ I is leus than the maximum
value for separation, .97UY ●

11



l“he closed form resul to developed are seen to be use f.]1
for verifying FEM slldeline mplem~nt~tlo~iso The> permit •v~l~l~-
tion of implementation ability to correctly describe gtraln hard-
ening material behavior in multilayer pressure vessels with lEi-
tlal interlayer gaps. The ADINA slidcllne mplementation used
can be considered a6 having been verlfled co carzectly describe
this type of beha’lior.
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FIGURE 6
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